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$1. Physical Interpertations. 1) Kinetics. Consider the mo- 
tion of a system in a conservative field of force from one position 
Po to another P;, with the sum of its kinetic and potentiai energies 
equal to a given constant; the system will move naturally or unguided 
along the path for which the action is least. This is known as Jacobi’s 
principle of least action. Action is defined as twice the time-integral 
of the kinetic energy 7, i. e. 


(P1) 
Action -{ 2 T dt. 
(Po) 


If U is the potential energy, W is the work function (negative poten- 
tial), h is the given constant of energy, v is the velocity of the system, 
then, for a unit mass, we have the energy equation 


T+U=A, or —-W=A, or v= +h), 


d 
V2(W + h) ds. 


The totality of trajectories for all initial conditions are thus deter- 
mined according to the principle of least action by 


(P1) (P1) 
Action -{ v ds -{ V2(W +h) ds = minimum. 
(Po) (Po) 


2) Brachistochrones. If the conservative system described above 
moves not according to the principle of least action but so that the 
time of motion from Pp to P, is least, the path is called a brachisto- 
chrone, and the totality of trajectories for all initial conditions are 
thus determined by 


Time = = minimum. ° 
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3) Optics. The paths of light in an isotropic medium in which the 
index of refraction v varies from point to point, are determined accord- 
ing to Fermat’s principle by 


yds = minimum. 
(Po) 


Here the integral is proportional to the time. 

4) Catenaries. When a homogeneous, flexible, inextensible string 
is acted on by conservative forces, the forms of equilibrium (general 
catenaries) are determined by 


(P1) 
f 2(W + h) ds = minimum. 
(Po) 


5) General case; natural families. We note that each one of the 
above problems leads to a set of curves determined by an expression 
of the form 


*(Pi) 
| F ds = minimum. 
(Po) 

where F is a function of the codrdinates of position only, and ds is the 
element of length in the space under consideration. The curves 
defined by such an expression may be called, following Painlevé, a 
natural family. For the dynamical trajectories, brachistochrones, 
and catenaries, there are ©! such families corresponding to all possible 
values of the constant h; but in the optical case there is only one such 
family. 


$2. The general problem of dynamics. Consider a system 
with » degrees of freedom, 1. e. the position of the system at any 
instant is determined by n independent parameters or codrdinates; thus 


= fi (2X1, Ze... Laude y = fo (21, Xo,...., Xn); z= fs (x1, Ze,...., 

Then 

dz _ din dy _ day ue, 

. and twice the kinetic energy is 


\ 


2 ~ \2 
dx; dx; (G,k=1,2,....,n), 


dt da} dt dt 
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where the a’s are functions of the n parameters 2, 22,...., 2. If 
the acting forces are conservative, there will exist a work function 
W (x1, 22,...., %) independent of the time, and a constant of energy h 
so that 7 — W=h. The trajectories are then determined by 


(P1) - 
V2 (WV + h) ay, dx; dx, = minimum. 
0 k 


Employing geometric language, we may regard 2, X,....,%n as 
the coérdinates of a point in a space of n dimensions, and Py and P; as 
two points in such a space. As the element of arc length in such a 
space is given by 


ds? = aj, dx; 
ik 


we are led to the problem of minimizing f F ds, where F is a function 


of the coérdinates 2, 22,....2%, and ds is the element of are in a space 
of n dimensions. ‘The space may be euclidean (of zero curvature), 
or non-euclidean, of constant or variable curvature. The natural 
family consists of ©2("-!) curves, one through each point in each 
direction. 

If the work function IV is zero, then F is a constant, and our prob- 
lem reduces to finding the curves for which 


(P1) 


ds = minimum; 
(Po) 


this evidently defines the geodesics in our space. 


$3. Geometric Properties of a dynamical system. In |S6%, 
Beltrami! proved a remarkable theorem concerning the geodesics in 
a space of n dimensions, }’,. This theorem may be stated as follows: 

The ”-! geodesics which pass out normally from points of any hy per- 
surface, Vn_1, form a normal hypercongruence, t. e. admits ©! normal 
hypersurfaces, which are the loci of equal are lengths measured from any 
one of the system of hypersurfaces. 

The theorem is a generalization of Gauss’s theorem for the geo- 
desics on an ordinary surface, V2. 

In 1871, Lipschitz ? announced the corresponding theorem for the 


1K. Beltrami, Sulla teorica generale dei parametri differenziali. Memorie 
dell’ Academia delle Scienze dell’ Instituto di Bologna, series 2a, vol. 8, p. 549. 

2K. Lipschitz, Untersuchung eines Problems der Variationsrechnung - 
welchem das Problem der Mechantk enthalten ist. Crelle’s Journal, vol. 74. 
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general problem of dynamics; using the geometric language of natural 
families, this theorem may be stated as follows: | 

The "| curves of a natural family which pass out normally to any 
hypersurface, Vn_1, form a normal hypercongruence, 2. e. admit of «} 


normal hypersurfaces, which are the loci of equal values of f F ds 


measured from any one of the system of hypersurfaces. 

This theorem is true for space of any dimensionality or any curva- 
ture.° 

Thomson and Tait * had given this theorem for dynamical trajec- 
tories in a conservative field of force in a euclidean space of three 
dimensions. We quote: “If from all points on an arbitrary surface, 
particles not mutually influencing one another be projected with the 
proper velocities [so as to make the sum of the kinetic and potential 
energies have a given value] in the direction of the normals; points 
which they reach with equal actions lie on a surface cutting the paths 
at right angles.” The ©! orthogonal surfaces appear as surfaces of 
equal action. A similar theorem may be stated using the language 
of brachistochrones, or of optical light paths; in these cases the o! 
orthogonal surfaces appear as surfaces of equal time. 

The question arises whether the orthogonal properties stated above 
are characteristic of the trajectories under the principle of least action, 
or the brachistochrones, or the optical light waves, or general cate- 
naries, or, in short, of any natural family? In other words, does the 
orthogonal property belong exclusively to natural families of curves? 
This question may be answered in the affirmative. Using geometric 
language we may state the theorem: 

If a system of ~?-) curves in space of n dimensions (euclidean or 
curved) is such that ©"! curves of the system meet an arbitrary hyper- 
surface (space of n —1 dimensions) orthogonally, and always form a 
normal hy percongruence, i. e. admit of ©1 orthogonal hypersurfaces, the 
system vs of the natural type. 

Thus the system may be considered as any one of the types, dynami- 
cal or optical, discussed above. This converse of the Lipschitz theorem 
or of a generalized Thomson and Tait theorem was first proved for 


3 For a detailed discussion of these theorems and of the general problem of 
dynamics, see G. Darboux, Lecons sur la théorie générale des surfaces, vol. 2, 
chapt.8. See also, P. Appell, Traité de mécanique rationelle, vol. 2, chapt. 25. 

4 Thomson and Tait, 7'reatise on Natural Philosophy, vol. 1, part 1, p. 353, 
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three dimensional spaces of constant curvature by Kasner.® In the 
following sections the author proves this theorem for a euclidean space 
of four dimensions (§9), then for a euclidean space of n dimensions, 
($10), and finally for a general curved space of n dimensions, (§11). 
§5 contains a derivation of the differential equations of the natural 
family of curves by the methods of the calculus of variation. In §6 
the author gives avery simple and direct proof of the Lipschitz theorem. 
It will be noted that although the proof of the direct theorem is very 
brief, the proof of the converse theorem is quite long. 

The methods adopted for proving the converse theorems are similar 
to those used by Kasner for the three dimensional case, except that 
the use of the arc length as the parameter along a trajectory intro- 
duces a symmetry without which the rather long and complex algebraic 
expressions could hardly be handled.® 


$4. Distance and angle. The totality of points determined by 


assigning all possible values to n variables or codrdinates 21, 22,...., Xn 
are said to constitute a space of n dimensions, V’,. If the 2’s are 
expressed as functions of m variables, uw, wo,...., Um, 

fi (us, Ue,..... tm), = 1,2,...., 2) 


the totality of points thus determined are said to form a space of m 
dimensions, ),, contained in V,. In particular, if m = n — 1, we 
have a hypersurface of n — 1 dimensions; if m = 1, we have a curve. 

The element of arc length or distance between two points x; and 
i+ dz; in V, is defined by a quadratic differential form 


(1) ds* = Qik dx; 
tk 


where the a’s are functions of the x’s. The parameter curve 2; is such 
that along it only the coérdinate x; varies, the other coérdinates 


5 E. Kasner, The theorem of Thomson and Tait and natural families of trajec- 
tories. Trans. Am. Math. Soc., vol. 11 (1910), pp. 121-140. 

6 Natural families of curves have been characterized geometrically in other 
ways, for euclidean spaces by E. Kasner: Natural families of trajectories: 
conservative fields of force; Trans. Am. Math. Soc., vol. 10 (1909), pp. 201-219; 
and for general curved spaces by the present writer: Natural families of curves 
in a general curved space of n-dimensions; Trans. Am. Math. Soc., vol. 13 (1912), 


pp. 77-95. 
7 We write only = and understand that the summation is to be carried 


ik 
out from 1 to n for each of the indicated subscripts, unless otherwise specitied. 
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remaining constant; along such a curve the element of are length 
evidently takes the form 
(2 ds; = Vaj; dx;. 


A direction passing out from a point 2; is determined by the n 
direction cosines 


1,2,...., 0) 
which are related by the identity 
(4) 2 dix 1. 
ik 


If €£) and &;@) determine two directions passing out from a point 
x;, the angle between them is given by 


(5) COS = ain 
t 
and hence the angle between two parameter curves 2; and 2; is 


Qik 


(6) COS Wik = 
V aii 


If the space is euclidean, the parameter lines at any point may be 
chosen as n mutually orthogonal straight lines, hence, from (6) and (2), 


(7) if «+k, and ay=1 Gk= 
and the element of are length takes the form 
(8S) ds? = dx?+ dre? + .... + dx,?. 


$5. Differential equations of a natural family of curves. 
Our problem is to find the differential equations of the curves for 


which 


*(P)) th 
(9) { = F ds = F V> ay, dx; dx, = minimum. 
( lo ik 


Po) 


The variation of this integral, keeping the end points Po and P, fixed 
must then be equal to zero. Using the usual symbol 6 as the symbol 
of: variation, we have 
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= F2ds? = dx; 
ik 


39 Fa 
2 dt 6 (dt) = it) dx; 62) 2 (Fa;:) dx; 6 
dx; dx}. 
>> 
Ox, dt dt 


both sides, and that, by partial 


and that the first term of the right member vanishes since 62; is zero 
at the fixed end points Po and P,, we finally get 


, 9 d 


Since 62; is arbitrary, this expression will vanish if 
d dx; dx; dx}. 


dt i dt OX) dt dt’ 
Replacing dt by F ds, this becomes 
dx; (FPaix) dx; day 


ds i ia ds 2F ik Ox) ds ds’ 


ti 


d 


-|2 (Fray) 


(i = 1,2, ....,2). 


(i = 1,2,..., 2). 


For a euclidean space, we may use the relations (7), and (10) becomes 


_ 1a F 


a? 
or, expanding and solvi i“ 
oF dx; dx, OF 
If we let L = log F, write® 2, = ms 4 = ~ and choose the are 
ds’ ds* 


length s as the parameter along the curves, so that 


8 Throughout this paper, primes refer to total derivatives with respect to s. 
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(12) = 1, 
we get 
OL OL 


as the differential equations of the natural family in euclidean space. 
For any space, expanding (10), we get 


0a; 0a; OF 
” il tk 
i ik Oa; O21 ik ik 
Choosing the arc length as parameter along the curves, so that 

(4) = 1, 


writing L = log F, and introducing the Christoffel three-indices 
symbol of the first kind ® 


i = 3 _ 


OL 
(i = 1,2,....,%). 
Ox, ikOx, 


this becomes 


+z [7] = 


To solve these equations for x”, we multiply by A, , the minor of 
Gm, in the determinant a = | ay, | divided by a itself, and sum with 
respect tol. From the properties of the determinant | a), | we have 


(14) Amt = if mM; Ai =]. 


Our equations then become 


l 


where we have introduced the Christoffel symbol of the second kind 
ik | ik]. 


Equations (15) reduce immediately to equations (13) if we place 


9 Bianchi, Geometria differenziale, vol. 1, chapt. LI. 
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(16) Ani = 0, if l= m; Aan = |, (i, «2 = 1,2,....,2). 


Thus any natural family of curves is represented by differential equations 
of the form (13) for euclidean space and of the form (15) for any space. 
Here L ws an arbitrary point function. From these equations it is 
evident that, given a point 2; of V, and a direction £; through this 
point, one and only one curve of a given natural family of curves is 
determined. There are thus ©”! curves passing through a point and 
a totality of 7("-!) curves composing the family. 

If the function F is constant, our problem reduces to finding the 
curves for which 


(17) f ds = minimum, 
and equations (15) become 
(18) mt = 0, (mm = 1,2,...., 2) 
ik 


the well-known equations of the geodesics in any space.?® 


§6. Proof of the direct or Lipschitz theorem. Darboux!? 
proves this by noting that the determination of the geodesics in any 
space V’,, where 


ds? = Fay, dx; Axx, 
ik 
leads to a minimizing of 
fv > Fay. dx; = Qik dx; ‘ 
ik ik 


If, now, the geodesics in the space V, are conformally represented in a 
space V’,, in which 


ds? = dx; 
ik 
the representing curves will evidently form a natural family in WV’). 
Since conformal representation leaves angles unchanged, the orthog- 
onal property expressed by Beltrami’s theorem for the geodesics 
will be immediately carried over into the orthogonal property expressed 
by Lipschitz’s theorem for a natural family. Further, since ds is 


10 Bianchi, ibid., vol. 4, p. 334. 
11 Darboux, tbid., vol. 2, p. 510. 
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transformed into F ds, the hypersurfaces which are the loci of equal 
arc lengths are transformed into the hypersurfaces which are the 
loci of equal actions. 

We shall now give a more direct proof of the Lipschitz theorem with- 
out using the Beltrami Theorem as a basis. 

Consider the equations of the natural family given by 


d dz; 1 O( Fa jx) dz; dx. 
10) —2 Fa; —, 
ds i ds 2F « ox, ds ds 


Let the parameter curves x, be curves of the natural type, and let the 
parameter x; represent the action along these curves measured from 
the corresponding intersection with a definite orthogonal parameter 
hypersurface of the system xz; = constant, e. g. z; = 0. Thus 


= = anda, 


since, along the 2; parameter curves, we have by (2) 


ds; = Vay 


so that 
Fivay = 
Applying equations (10) to our 2; parameter curves (along which 
%3,...-., Xn, are all constants), we have 
(19) <0, (I = 2,3,....,n). 
Ox; 


Since the parameter curves x; are normal to the hypersurface x; = 0, 
we have from (6) for the angle between the parameter curve 2, and 
any other parameter curve x, 


ay] 


Vay Vai 


COS @); = = (), for x; = 0 
or 
0, @ 2, 3,....,2), for 2, = 0. 


But as shown by (19), ay,/ay, is independent of x1, so that 


“l_g (J =2,3,....,n), for all values of 2, 
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and hence the curves x; are normal to all hypersurfaces 2; = constant, 
and they thus admit of ©! normal hypersurfaces, i. e. they form a 
normal hypercongruence; the hypersurfaces appear as surfaces of 
equal action. 


§7. Conditions for a normal hypercongruence. Consider 
first a euclidean space of four dimensions, S; We wish to derive the 
conditions that a system of * curves in S, are such that there exists 
a system of «! hypersurfaces (V3) which are orthogonal to the curves. 
We write the equations of the ©* curves in the form 


(20) 4 = A (u, v, t), Y= Y (u, v, t), Z=Z (u, v, W, t), 
R= R(u, 2, w, t) 


where wu, v, w are three arbitrary parameters whose particular values 
Uo, Vo, Wo determine uniquely a curve Co, while the variable ¢ deter- 


mines the points on this curve. 
We shall now assume that there is a hypersurface H which is or- 


thogonal to the curves; let this be determined by placing 
(21) t= t (u,v, w) 


in equations (20). Through a point (X, Y, Z, R) of such a hyper- 
surface, determined by the values wu = wo, v = %, w= Wo, there 
passes the curve 


(22) X=X (uo, Vo, Wo, t), Y=Y (wo Uo, Wo, t), Z=Z (uo, Vo, Wo, t), 
R = R (uo, to, wo, t) 


and the direction-cosines of its tangent are proportional to 


oY OR 
dt ot oat at 


Since this direction is a to our surface, we must have 


where dX, dY, dZ, dR are pin from (20) wal t is replaced by its 
value from (21). Now 

ax OX OX OX 
0 v 


t+ lw + 


dX = 
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and similarly for dY, dZ, and dR. Introducing these values in (23), 
we get 


(24) Tdt+Udut+Vda+Wdw=0 
where 
2 
ot Ot du Oot Ov Oot Ow 


the summation extending over X, Y, Z, and R. The value of ¢ must 
therefore be a function of uw, v, w which satisfies equation (24). In 
order that we may have a system of hypersurfaces which are orthog- 
onal to these curves, it is necessary and sufficient that the conditions 
for integrability of equation (24) be satisfied for all values of t, uw, v, w. 


These conditions are 
(Y _at) _ av) _, 
ot Ov Ou ot 


au 
(= + 
ave ew of aT av 
(= )+ & (5 x) 


du Ow ot du Ow ot 
where the second and third of these conditions may be derived from 
the first by a cyclical interchange of U, V, W and of u, v, w. 


For a euclidean space of n dimensions, S,, the equations of the 
o”-l curves may be written 


(20’) Xs= Xi (us, 8), =1,2,...., 2). 


The orthogonal hypersurface // is determined by placing 
(21’) t = t (2, te,....5 Un-1) 


in (20’), and through a point X; of such a hypersurface, there passes 
the curve 


(22’) Xi t), (2 = 1, 2,....n), 


and the direction-cosines of its tangent are proportional to 


OX; 


2). 
(2 n) 
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Since this direction is perpendicular to our surface, we must have 


OX: 
rary 


where dX; is computed from (20’) and ¢ is replaced by its value from 
(21’). Now 


dX; = 


(23’) = 0), 


OX; 
r= 


Introducing these values in (23’), we get 


(24’) T dt + du; + Ue duz + 0, 
where 
OX; 0X; 0X; 
Z = 1,2,....,n—1). 


The conditions of integrability of equation (24’) are 


ou; ou, oT OT 


Ou, OuK 
(r,k = 1,2,....,n—1). 
(n — 1) (n — 2) 
2 


(26’) T ( 


Equations (26’) give independent conditions; these 
must be satisfied if our system of curves is to form a normal hypercon- 
gruence. 

Equations (26’) are also the conditions for a normal hypercongruence 
in any space of.n dimensions, Vy, if we note that the condition (23’) 
for perpendicularity is replaced by 


(23””) py 
ik ot 
so that equations (25’) are replaced by 
0X, dX, dX, dX, 
25°) T=Za =1,2,....,n—1). 


§8. Analytic statementoftheconversetheorem. Consider an 
arbitrary system of 2("—!) curves ina euclidean space of n dimensions, 
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assuming that one curve passes through each point in each direction. 
Such a system may be defined by a set of n differential equations of 
the second order— 


(27) 23 = F; (a1, 22,....,2ni Zi = 1,2,...., 2), 
dx; 
where 2; = 7 2, = 7 —, and the arc length s is chosen as parameter 
8 


along the curves, so that 


(28) = (ai)? = 1. 


Here the F; are uniform functions, analytic in the 2n arguments. 
Our problem is to find the form of the function F; so that the ©”"-| curves 
of the system which pass out orthogonally to any h ypersurface t in the space, 
should form a normal hypercongruence. 

Denoting the initial values of x;, 2{, which may be taken at random, 
subject to (28), by xi, pi respectively, and employing X,, Xo,...., Xn 
as current codrdinates, we may write the solution of (27) in the form 


(29) X;=ait pi(S — 8) +3 Fi(S — 8)? Mi(S — 8° + 
(i = 1, 2,. 
(30) = 1. 


Here the F; are expressed as functions of 2;, p:;, and the M; found by 
differentiating (27) are given by 


1 \Ox, Opi 


Consider, now, an arbitrary hypersurface 
(32) fz (ui, Ue,....,Un-1), («= 1,2,..., 0). 


At each point of the surface and normal to it a definite curve of the 
given system (27) may be constructed. A certain hypercongruence 
will thus be determined. We wish to express the conditions that this 
shall be of the normal type. If the direction of the normal at any 
point of the surface is given by P; (uw, we,..., Un-1), (@ = 1, 2,...., 0), 
then these P; are determined by the equations 


1). 


(33) 
i i ‘Ou; 
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The second of these conditions merely expresses the fact that the 
normal is perpendicular to the parameter curves of the surface (32). 
By differentiating (33) we have the further relations 
= 0,(r = 1,2,...,n—1); 
Ur i Oux Ou; i Ou; OUR 
(r,k = 1,2,...,n — 1). 


(34) 


We may now identify the normal at any point of the surface with the 
tangent line to the curve, so that 


(35) = P; U2,... (i = 2,. n). 


The equations of the ©”~-! curves corresponding to the given initial 
conditions may now be written 


(36) Pit +3 Fie+é B+... = 1,2,...,2), 
where ¢t replaces S — s, and where, e. g., 
(37) F; (ut, ua,..., Un-1) = F; P,, P..). 


The coefficients of the powers of ¢ in (36) are thus functions of (n — 1) 
parameters w1, U2,...., Un—1, So that the equations of the ”-! curves 
are expressed in the form (20’). In order that the system (36) form a 
normal hypercongruence, equations (26’) must be satisfied. 

Applying (25’) and (26’) to (36), and using the conditions (33) and 
(34), we get 


OX; OX; Of; OP; OX; Of: 
ot = Pit Fy Ou, Ou, 
OP; 
t-—- 
+ 
=-1+2t>P;Fi4+. 
i i i 
i Our i OU i Ou, 
i Uk 
aT afi aP, or ( af: aP, 
=2tiz P; 
du, * Our i Oux i 


3 
‘ 
6 
% 
ok 
Pra 
ae 
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J i ly fi F; i 
ot i Ou; Ou; ; OU; OU, 


Ofi af; oF; Of: 
— = +...5 > +2—— 
dt i OUE Ou, (2 i 


Substituting in (26’) we shall get our condition in the form 
(38) = 


Since this must vanish independent of ¢, every coefficient, a, must 
vanish. We find that ao vanishes identically, which is as it should be 
since the hypercongruence is normal to the initial surface t = 0 by 
hypothesis. Let us first discuss the condition that a; vanish. This 


gives 


Now by differentiating (37), we get 


Ou, 10x, 0U, Ou, 


OF; OF ;0 OF; oP 
(40) 
Ou; l Ox) Ouk Opi 


and (39) becomes 


il Ox, \Ou,OU, il OP) Ou, Ou, OU, 
(y,& = 1,2, ....,2% — 1). 
T hese = aa ~2 conditions are therefore necessary conditions in 


order that the ~"-! curves belonging to the system (27) and orthogonal to 
the hypersurface (32) shall form a normal hy percongruence. 

Our problem is to find the forms of the functions F; in order that 
this condition of orthogonality should hold for every hypersurface (32) 
taken as a base. Equations (41) must then necessarily hold for n 
arbitrary functions f; (¢ = 1, 2,....,). These functions may be so 
chosen that for any assigned values of 1, Ue,...., Un—1, the quantities 


#5, 
: 
| 
Dey 
4 
tie 
(> 
we 
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f; and all partial derivatives of all orders of f; with respect to the w’s, 
shall take on arlitrary numerical values, or so that the quantities f;, P:, 
Of; oP; 
du, Ou; 

relations (33) and (34). Before applying these conditions in a eu- 
clidean space of n dimensions, it will be of advantage to apply them 
to a euclidean space of four dimensions. 


§9. Proof of the converse theorem in a euclidean space of 4 
dimensions. [For a space of four dimensions we may write the 
equations of the base hypersurface (32) in the form 


(32’) i= fi (wu, v; w), (i = 2. 3, 4), 
and the six conditions (33) and (34) as 


, Shall take on arbitrary numerical values, subject only to the 


(33’) P» P; P, = 0, (u— w)" 
Ou du Ov Ov Ou = Ou Ov Ou = Ou 
OP _ aP afi 
( dv du Ou 


The three necessary conditions (41) become 


(41’) b> 
i Ox, \ Ov Ou = du Ov i Op, \ dv Ou = du AV 


w). 


We may evidently place each of the two summations in the left 
member of this equation equal to zero. 

Expanding the first summation in (41’) we may evidently group the 
terms into the following eighteen: 


du du dv Ox, O23/ \Ovdu du dv 


Ou dudv Ov Ou Ou “OV 


12 We shall use the symbol (u — v — w) to mean that similar relations may 
be written by a cyclical interchange of u, v, w. 


= 
; 
| 
| 
| 
ve 
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= 0, (u-v > w) 


‘To eliminate the f’s we proceed as follows. 


of the p’s, thus 


(43) pi: po: ps: ps = 


Solve (33’) for the ratios 


Ofs | Of: Ofs Ofs Of: Of2 Ofs| | Of: Ofs 

Ou Ou Ou Ou Ou Ou Ou Ou Ou Ou Ou Ou 

fs Of; Ofs Ofs Of: Of2 Ofs| Of Ofs 

Ov Ov Ov Ov OV Ov Ov Ov Ov Ov Ov Ov 

Ow Ow Ow Ow Ow Ow Ow Ow Ow Ow Ow Ow 


Multiply the three equations of (42) by , respectively, and 


add, remembering the expansions of the pc (43) for the 


p’s in terms of minors of the second order. We get 
Similarly, multiply the three equations (42) by : respec- 
and add. We thus get the four conditions 
4) | (5. Oars ‘\ Oxy] 
OF, OF» (Fs _ OF; _ OF» 
OX Oxy 
OF 2 OF 3 OF 1 _ OF 2 


| 
ext 
— 
2 
re 
| 
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Now, expanding the second summation in (41’), we get the fol- 
lowing 48 terms: 


Op; \ Ov Ou: OW Op, \ dv Ou 
OF; /OP3 Of; OP; Af; OF; Of: APs 
du Ops du du av ) 
OF OF, OP30f2 APs Ofe 
OF, APs Ofe OF: /OP, Of, Ofe 
OF, APs Ofs OF OP, 0fs AP, Ofs 
Ops du Opi dv du du 
/OP20f; AP Ofs OF OP; 
Ou =) Ops du Ou Ov 


(u—>v ->w). 


We may reduce the number of terms by eliminating the — of 


mac. weal = £5 Thus to eliminate the coefficient of = , we solve 
Ops’ Ops’ Ops’ Ap ap. 
(33’) for 

Of: _ _ profs 

du pidu pidu’ 

Of: _ _ _ _ profs 

Ov Pi Ov Pr Ov Pi av 


and thus get 


Ov Ou Ou Ov Pi \ Ov du Ou Ov pPi\ Ov Ou Ou Ov 
mi du du Ov 


If we further eliminate 
OP _ dP 
Ov Ou Ou Ov 


‘ 
+ 
+ 
4 
. 
2 
wy 
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by means of (34’), the above 48 terms reduce to 33, viz.: 


p2Op3|\ dv Ou du dv Ops ps \ Ov du 
_ af. 
Ou 
Ov Ou Ou OV Op, Ov Ou 
pidFs| (APs af, APs Af, OF, p.,dF,4| /dP; 
OP; Ofe 
Ds OP: dfs AP» Afs OF; ps OP; 
OPs 
prop, Opa Ou ou 
Ops, Ov Ou = Ou OV 


The coefficients in parentheses in (45) may now be taken as inde- 
pendent quantities, and for (45) to vanish identically, we must have 
the vanishing of all the expressions in brackets. 


terms give 


Hence, the first 8 


OF; OF3 OF s 

——-=0; = 0; 

Ops Opi Opi 

OF; OF» OF 

Ops Opi Op. 
(OF: _ 


Pe2 3 4 
Ty 
oF 
3 
Opi 
aF 
1 
0 P4 
3 
2 
OF 1 
+ 
0 
OF 2 
OF OF OF 
1 2 2 
’ 
Ops 
ie OF OF OF 
4 0: 1 
OF; OF aF 
3 4 
0 0 0 
p2 
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By combinations of these we get four additional relations 


_ 
O pe 


These 12 relations may be written in the equivalent forms 

Ops Ops 


Ops Opi 


Ope Ops Ope 
Ops Op; Ops 
Hence 


Q12;5 pak» 3 = pak. psk = 34; 


(ag) { 
pik’s paki 

where, e. g., 

(47) as = P2, V1, Ve, V3, x4); ag = Po, V1, Lay X3;, a4); ete. 


The vanishing of the last three brackets in (45) gives 


Opi psOpr Op2 psOps 
These are conditions on the forms of the a’s appearing in (46). To find 
these conditions we may proceed as follows: in 
dp: Ops Ops 


ck and get 
0 


we may replace 
0 PA Pe2 

OF , OF» OF; OF 


Opr ‘Opi ps 


F 

= 

P 

0 

: 

gang 

£ 

F p F Of ‘ F F j 

9 Do 1 3 4 4 3 ets 

act 
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Adding F; to both members of this equation, we evidently have 


— (poF; piF 2) — (pok3 2) 
dp, Ops 


or 


[dans das Gass, dour _ 

Op, Ops Op. Ops Ops 

Ops Ope Op, Ops Ope 

gon _ 9; 

Ope Ops, Ops 


Hence the a’s are given by 


(50 P2gi-— Pi de; Ps Po $3; Ps h3— Ps Ha; 
Pi ds— Psi; Pi Pshe— P2 os; 


where the $’s are arbitrary functions of the coérdinates x, 22, X3, x4 only. 
Combining (50) and (46), we must have 


(51) Fi—¢:_ Fo—¢2_ Fs—¢s _ Fs— 
P1 Pe P3 
Letting K stand for these equal ratios, (51) may be written 
(52) Fi=¢it piK, (i = 1,2,3, 4). 
Multiplying by p; and summing with respect to 7, we get 
and remembering that 


or 
Zp; = 1, 2 pi Fi = 0, 
t t 


‘as 
bee 
: 
re) re) 
Q12 
P1 
imilar TO r 
| 
| 
| 
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we have 
K Pi Pi, 


and (52) becomes 


(53) Fi= Ph dy (t= 1, 2,3, 4). 


We still have to satisfy equations (44). Substituting the values of 
the F’s as given by (52) into (44), these reduce to 


O73 O22 OXg O24 
Since these equations are to hold for rere values of the p’s, (the 


only condition being p,?+ p2’+ ps’+ 1), and since the ex- 
pressions in parentheses are independent of the p’s, we must have 


0 


(54) 


[ _ _ Ibs _ 
Ox; O23 Oao Oxy O23 

Obs _ Obi, _ Obs Ibs 
| day 0 23 Oxo 


(55) 


Hence, the ¢’s are partial derivatives of a single function L(21, x2, x3, 24), 
1. 


OL OL 


Introducing these values into (53), we finally get 


(57) (2 = 1, 2, 3, 4), 


. 
‘ 
cas 
Re 
at 
tig 
Sty 
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and on comparison with (13), we note that these are the differential 
equations of our natural family in a euclidean space of four dimensions. 
We may therefore state the converse 

THEOREM. If a system of ©® curves (one passing through each point 
in each direction) in a euclidean space of four dimensions 1s such that 
those * curves of the system which meet an arhitrary hypersurface 
(space of three dimensions) orthogonally, always form a normal hyper- 
congruence, the system is of the natural type. 

The Lipschitz theorem (§6) shows that the systems of the natural 
type actually have this property. In our discussion we have only 
considered the vanishing of a in the condition (38) for a normal 
hypercongruence. We may therefore state a much stronger converse. 

THEeorEM. If a system of ©*® curves in a euclidean space of four 
dimensions 1s such that those ~* curves of the system which meet an 
arbitrary hypersurface orthogonally, always meet some infinitesimally 
neighboring hypersurface orthogonally, the system is of the natural type. 

As stated in the last theorem the weaker requirement of orthogonality 
must hold for all hypercongruences of the system, for a hypercongru- 
ence may meet two neighboring surfaces orthogonally (i. e. be approxi- 
mately normal) without meeting «! hypersurfaces orthogonally. 


§10. Proof of the converse theorem in a euclidean space of n 
dimensions. We return to our (n — 1) (n — 2)/2 conditions 


(r,k = 1,2,...,% — 1) 


for a normal hypercongruence. We may evidently place each of the 


two summations in the left member of this equation equal to zero. 
By grouping the terms in the first summation, this may be written 


Ox, OX; OU, OU; 


To eliminate the f’s we proceed as follows. Solve the (n — 1) equations 


(33) Go 


i Ou, 


for the ratios of the P’s. If we use the notation 


~ 
Bers 
| 
x 
vi 
Mn 
fs =, 
: 
: 
Wi 
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ofr 
(59) Ory = (Crp Cur) 


equations (33) and (58) may be written 
(60) cirpi + Corpo + carps + .... + = 0, (r = 1,2,...,n —1); 


Cik Clk 
Cir Clr 


= 0, (r,k = 1,2,....,n —1). 


(61) (5-5) 
Ox, Ox; 


il 


From the (n — 1) homogeneous equations (60) we see that the p’s 
are proportional to the determinants of the matrix 


C11 Ci Cm1 

Cir Cir Cir Cmr Cnr 


so that, e. g., if we omit the column headed by ¢m: we get 


Ci 2 1 -+-Cni 


Consider two arrays, the minors of the 2d order and the correspond- 
ing co-minors of the (n — 3) d order in qm, where gm is the determinant 
occurring in the above expression for pm, so that 


(64) Pm= (—1)™+! 
If we designate by ciz,,, the minor of 2d order, 


Cik 
Cir Clr 


(65) Ciky lr = 


| | 

ty 

4 

¥ 
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and by Cjx, 1, its corresponding co-minor of the (n — 3) d order, and 
expand by Laplace’s theorem? in terms of the (nm — 1) (n — 2)/2 
minors of the 2d order formed from the columns headed ¢;; and cy, 
we get 


where v is the sum of the columns in pm headed by ci; and cy. 

From the matrix (62), we see that the determinants gm, qi, and q; are 
formed by omitting the columns headed ¢mi, ¢n, and ¢i1, sempeatonnny, 
and that, therefore, the minors of the 2d order 


Cik Cmk 
Cir Cmr 


Cik Cmk 


Ciky mr= and Ciky mr = 


Cir Cmr 


in the expansions for q; and qi, respectively, have the same co-minors 
of the (n — 3) d order that the minors of 2d order, ¢;x, 1;, have in the 
expansion for gm. Designating these common co-minors by Cy, 
Ci3,...., Cn-2, n-1, WE May now write the expansions 


Qm = (—1)**! Cie + Cis... . + Ci n-2,tn-1 
Cn-2; soil 

(67) m2 Cit, ms Cist... Ci n-2) mn-1 

gi =(—1) 0) +™-D [en, me Crot en, ms Cist.... + 
Cn-2; 


On the other hand, if the minors of the 2d order formed from two 
columns which are not headed by two of the three terms ¢m, C1, Cit, 
are multiplied by the above co-minors of the (n — 3)d order, Cis, C1s, 
.. ++) Cn_2, n-1, and added, we shall have the expansion of a determi- 
nant with two columns alike, and hence the sum will be equal to zero. 

Let us apply this discussion to the equations (61), involving the 
minors of the 2d order. If we expand these equations, and multiply 
the (n — 1) (n — 2)/2 equations by the above (n — 1) (n — 2)/2 
co-minors of the (n — 3) d order, Cis, Ci3,...., Cn—2, n-1, In succes- 
sion, and then add, we shall evidently get three terms only — all the 
sums will vanish except those giving gm, gi, and gq; Equations (61) 
thus assume the form 


\ 


13 See R. F. Scott, A treatise on the theory of determinants, 1880, chapt. ITI. 
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OF; OF, OF; OF» 
68 1 1 i+m—1 
OF m (—1)'+™-29; = 0 
O21 


Substituting 
pm; qi= qi= (—1)**' pi, 


we get, finally, 


Ox, Otm 


(28: 


Otm O21 


where 2, 1, m may take all values from 1 to n. 
Let us now consider the vanishing of the 2d summation in (41), viz., 


Op, \Ourdu, 


(70) 


We must introduce here the identities 


_ 


(33) > P; 


i Ou, 


OU, OU, OU, OUR 


(34) 


Expanding (70) we get 
OF; Of; OP, > OF; Of; OP» 


OU,OUr, OU, OU; 


(71) 


OU, OU, i Ope 
OP m Of; OP m Of: 
>? .... =O, r,k=1,2,...,2—1), 


and we may reduce the number of terms by eliminating the coefficients 


of os Sad os We ...., from the sums in (71). Thus to 


Op: dps” ODm 


eliminate 


Of, OP» 


‘ 
Pe 
Pl 
t 
ees 
’ 
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the coefficient of oF in the second sum, we have from (33) 
Pe2 


Hr __ Pi Ai. 
Ou Pi du, pi 0Ur 


hence, 


du, Ou, Our du, i=2P1 Ope \Ou, Ou, OU, OU, 


and 


i \Ou, Ou, OU, OU, Op, pPidpe| \OUr Ou, OU, 
Op, pidpe| \OuUrOu, Ou, OUr) i=3|OP2 pid pe 
OP», Of; OP» Of: 
7 


Similarly, we may eliminate the coefficient of OF m1 in the mth 
Pm 


sum in (71), and thus find 


(72) OF i (OP m Of: Pm OF m-1| (OP mOfm 
i ODm Ou; Ou, Pm-1 = OUx 


Ou, OU, OPm  Pm-1 OPm Ou, Ou, du, 


i=1...m-1 Ou, Ou, Ou,) 


We may consider this as a typical term, letting m assume all values 
from 1 to n cyclically, or m = 1>2-....—n. Substituting in (71) 
and noting that the coefficients 


Ou; OUR Oux Ou, 


are still related by the identity (34), whereby 


Ou, Ou, du, 


Su 
; 
at 
‘= 
1 Of; 
a 
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equations (71) may finally be written 


(OF m Pm OF m-1 OF, pn (OP m Ofm 
a=11\OPm OPm OPn —Pn-1 Ou, OU; 

+ > > OF; OFm-1 
OU, m=1 i=1...m-1] OPm  Pm-1 OPm Ou, OUx 

Ou; OU; 


In (72) all the coefficients in parentheses may now be taken as 
independent quantities, so that for (72) to vanish identically, we must 
have the vanishing of all the expressions in brackets. Hence 


OF; OF _ 


By successive elimination of se m=, we may write these 
Pm 
Op ODm 


or 
iik= 
1 


ap, — ( m= 1,2,....,7 


so that (p, Fi — pi Fx) can only contain p;and px, and hence, 


(73) Pk F; F;, = Aik (pi, Dky V1, 2a), (2, I: 2;. n) 
(i= 


where 
(74) Qi, = — Aki. 


From (72) we further have 


OF, Pn OF n-1 OF Pm OF 


These are conditions on the forms of the a’s in (73). By successive 
subtractions, these may be written 


‘ 

4 

= — 

: 

ODn Pn-1 ODPn ODm Pm-1 OPm 

Sete 


Opi Opi OP: Pe-1 Op 


— n). 


, and (75) becomes 


If k + 1 + 1, we may replace Met by widow 


Pi ODi 


and by subtraction of F;,_; from both members, 


OD; 


OPK 
or 


(76) 


ai, k-1 Oak, k-1 


(k=i+1). 
Opi ODk ( 


Fy b Pk-1 OF 


If k =~ +1, we may replace , and subtracting 
Opi: Pi-1 


F;_, from both members, (75) becomes 


(77) 0 Qi, Oak, (k = 1). 
Opi 


From (76) and (77) and with the help of (74), we may now write the 
series of conditions on the a’s: 


Opi: Ops Op, Ops 
Oi 41, Fy O O Mik O Qk; (): 
Opin Op. ’ ape 


Hence the a’s are given by 
(79) ak = Pk Di — Pi ky G,k = l, 


where the @¢’s are arbitrary functions of the codrdinates 2, %o,..., 
only. 
Combining (79) and (73), we must have 


oat 
LIPKA 
ae i i k-1 k k k-1 
re) re) 0 re) 
Pi CPi Pe Pk-1 OPk 
4 
ae 
hes 
| 
| 
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— pp Pe = pedi — pide (r,k = 1,2, ...,n) 


or 


Fi __ Fo — _ _ Fi oi _ _ Fe 


(SO) 
Pi P2 Pi 


(81) F;= + pik, (¢ = 1,2,...,). 

Multiplying by p; and summing with respect to 2, we get 
= 2 pe, 

and remembering that 


Sp 2 = 0, 
i i i j 


we have 
K =-2 Pi di, 
i 
and (81) becomes 


(82) Fi = bi — Pi= Pa de (¢ = 1,2, ...,%). 


Now, we must still satisfy equations (69), and this will introduce 
conditions on the forms of the ¢’s. Substituting the values of the F’s 
as given by (81) into (69), these reduce to 


Ox OXm Ox; 


OXm 
(3, i,m = 1,2, ..., 2). 


(261 _ = 


Since these equations are to hold for abitrary values of the p’s (the 
only condition being p;? + po? +... + pr’ = 1), and since the expres- 
sions in parentheses are independent of the p’s, we must have 


(84) = 1,2, ...,0) 


— te: 

— 

. . . . 

. 

Letting stan or these equa ratios, ( may e 

’ 

4 

yee 

ay 

4 
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Hence, the @’s are partial derivatives of a single function L(a1,2,.. ., 
Xn), OF 


OL 


Introducing these values into (82), we finally get 
(86) m= — —— = 1,2, ..., 9), 


and on comparison with (13), we note that these are the differential 
equations of our natural family in a euclidean space of n dimensions. 
We may therefore state the converse 

THEOREM. If a system of ©7"-!) curves (one passing through each 
point in each direction) in a euclidean space of n dimensions is such that 
those ©" curves of the system which meet an arbitrary hypersurface 
(space of n — 1 dimensions) orthogonally, always form a normal hyper- 
congruence, the system is of the natural type. 

The Lipschitz theorem ($6) shows that the systems of the natural 
type actually have this property. Since we have only considered the 
vanishing of a; in the condition (88), we may here, analogous to the 
case of four dimensions, state a much stronger converse theorem. 


$11. Proof of the converse theorem in any space. In §7 we 
derived the necessary analytic conditions 


aU, ou, _ au, oT ou, 


(r,k = 1,2,....,2 —1) 


where 
OX, OX OX, 0X 


for a hypercongruence of curves 
(20°) X¢= (a1, ...., Un-1, 


to be of the normal type. We may proceed exactly as in §8 and apply 
these conditions to a family of ©”-! curves picked out from the system 
of ©*("-!) curves defined by 


+ 
Shin 
~ “4 
. 
it 
“72 
5 
Vas 
. 
e=1,2 1) 
9 
248 
. 
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(27) = F; (x1, Vip An), (1 = 1,2,...,2), 
and passing out orthogonally to an arbitrary hypersurface 

(32) = fz (uy, = 1,2,...., 0). 

This hypercongruence may be written 

(36) Xi=fit Pit +i Fit +t¢Miet+...., @=1,2,...,n), 
where 

(37) Fs (ts, = Fi (fry Pry Po... Pr) 


and the P’s are connected by identities similar to (33) and (34) but 
of a more general form, viz., 


Ofn 


= @, = 1,2,....,2 1): 
ri (r n ) 


(33’) Za, Pr. P,=1; Pr 
Au Au 


oP 
(34/) =P, (2 (r= 1,2,....2-—1); 
Au Ou, Ou; 
Of, OP, Oay of OP), Oa 
hu OUy Our Au OUx Ou; du, J’ 


(r,k = 1, 2,...,n—1). 


Before applying the conditions of orthogonality to the curves (36) 
we shall introduce considerable simplification in the work by intro- 
ducing a set of new quantities, Q;, defined by the linear transforma- 
tion 


(87) Q, = Zan, Py, andhence, Py = 2 Ang Qa 
r 


where Ay, is the minor of ay, in the determinant a = |a,,| divided by a 
itself, so that 


(SS) Dai, Ary, =0, ift=rX; Za, An, = 1. 
Now, the identities (33’) and (34’) take the much simpler form 


1,2, ....,n—1); 


(99) 2O,P,=1; sq, 2 =0, (r 
OU, 


4 
4 
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(90) +P, Sit) =O, 
Ou; Ou, 


Ou, OU; OU, 


Applying our condition of orthogonality, we get 


Ot at 

Ou; Ou, dur, Ou; OUx Our 

T= Py Py (Pr Py t Py Pr) 14212 


+....3 


du Ou, 


Ur 


OU, _ 0Q, oP 
O(ay, Fy) 
Au Ou, 
ou, , dQ, oP, Of 
Fy 
Ou, i| 2 Our Ou, OU, Ou, 


Ou r 


+2 
Au 


The vanishing of the coefficient of the first power of ¢ in the condition 
of orthogonality reduces to 


OU, OU, OU, 
(r,k = 1,2,....,n—1). 


(91) 


Au 


Ou, Ou; Ouk 


4 
| 
2 
Wee 
‘ 
3 
. 
| 
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7 
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Now (37) may be written 
(92) F (uy, Udy. +5 Un—1) 


F; (fi, fe, (1, ()o,. Qn), 


where F; represents the form which the function F; takes when the 
P’s are expressed in terms of the Q’s, by (87). Then 


(93) dur Ox, Ou, Ou; 
17 

OF, _ y OFS 

O Ul l Ox) Ou, l Ou; 


with similar expressions for the partial derivatives of a,,, and (91) 
then becomes 


/ 
OX OU, OU, 


qi 


Ou,OuU, Ou, OU, OU, 
(r,k = 1,2....,n—1). 


These (n — 1) (n — 2)/2 conditions are therefore necessary conditions 
for a normal hypercongruence. Our problem is to find the forms of 
the functions F; or F; in order that this condition of orthogonality 
should hold for every hypersurface taken as a base. We may simplify 
our problem by the following considerations. Since the geodesics in 
our space form a normal hypercongruence for every hypersurface as 
base, the equations of the geodesics 


a? 1 d id | 
(18) (X= 1,2,....,2) 
or 
(95) a Gy (fi, fo, P,, Po, Gy (fi, fo, 


(1, Qe, Qn) 


must satisfy conditions (94). Substituting G; for Fx in (94), sub- 
tracting the result from (94) and writing 


> 
— 
— 
| 
i 
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(96) Hx = FX — Gy 

we get 

dul OU, Ou, OU, OU, OU 


ot 
OU, 


Making the further linear transformation 


(98) Ji 
A 


equations (97) take the simple form 


m Ox, \Ou,Oux \OUr OU, JU, OU, 
(r,k = 1,2,...,n—1). 


Here the form of J’ is to be determined if the f’s are arbitrary 
functions, the only relations between the f’s and the Q’s being the 
identities 


(90) z — Sree) =o, (r,k =1,2,...,n—1). 
\Ou, Ou; Ou, Ou, 


We note that equations (99) and their accompanying identities (89) 
and (90) have the same form as equations (41) and their accompanying 
identities (33) and (34), with 2 replaced by wu, F by J’, and P by Q. 
The form of F is determined by (80) and (85), and we may therefore 
immediately write down the form of J’, as 


qi q2 qi Qn 
where the ¢’s are partial derivatives of a single function L(x, 22,...2n), 
or 
(101) . (i = 1,2,...,n). 


Ox; 


= 
4 
AS 
4 
& 
€ 
| 
ig 
& 
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Letting K stand for the equal ratios in (100), we may write these 


@=1,2,...,n) 
or, by (98) 
= d+qik, 1,2, ... mn). 


To solve these for J7x , we multiply by Az; and sum with respect to 2, 
then 


Hi = t KZ 


Hence by (87) 
H, = 2 Audi + Kpi. 


To find the value of AK, we now multiply by ay: py, sum with respect to 
and J, and use the relation (88), 


pr, 1, = pidit KE ayi Pr Pt. 


Now since 
Pr Pi = 1, 


then, by total differentiation with respect to s, we may show that 


Oa 
Layip, Fi +42 = Pi Pr Pi = O 
Al 


int O2; 
or pr Fi — py Gi = O = Day py Ai. 
Hence, 
K=- pi 
and 


= Audi — pi= pi Fi. 


Finally, replacing by G), G, by its value from (18), and ¢; 
by its value from (101), we get . 
OL 


102) 24 => 


(Ay — (l= 1,2,...,n) 


2 t 
t 
if 
x 
Ee 
| 
x 
. 
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and on comparison with (15) we note that these are the differential 
equations of our natural family in any space of n dimensions. We 
may therefore state the converse 

THEOREM. If a system of *"-)) curves (one passing through each 
point in each direction) in any curved space of n dimensions is such 
that those "-! curves of the system which meet on arbitrary hyper- 
surface (space of n — 1 dimensions) orthogonally, always form a normal 
hypercongruence, the system vs of the natural type. 

The Lipschitz theorem (§6) shows that the systems of the natural 
type actually have this property. Since we have only considered the 
vanishing of a; in the condition (38), we may here, analogous to the 
case in a euclidean space, state a much stronger converse theorem. 
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